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Abstract: Diffusion coefficient depends on temperature, pressure, reduced mass of colliding particles and 
collision cross section. The presented method is designed to calculate the diffusion coefficient in loose systems 
containing molecules with relatively complicated colliding trajectories. It is a combination of the Chapman-
Enskog theory and the molecular dynamics calculation. The Chapman-Enskog theory provides the relation 
between the diffusion coefficient and the collision cross section which is the result of multiple integration 
of the scattering angle of all possible initial conditions of the collision. The scattering angle is obtained by 
numerical integration of the Newton’s equation of motion with previously selected initial conditions. The 
proposed method has been verified for the simple system of a lead atom diffusion in rare gases and the results 
were compared to those of two other theoretical methods.
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Introduction

Rare-gas atoms (RG) are frequently used in experi-
ments involving transport properties as a carrier gas 
(Koperski 2002). The studied particles range from 
light (Soldán et al., 2001) to heavy (Lee et al., 2007; 
Gardner et al., 2010) elements and from single 
atomic species to macromolecules (Mesleh et al., 
1996). The transport coefficient heavily depends on 
the inter action potential of the diffusing element 
and the carrier gas as well as on the macroscopic 
conditions. Correct and accurate description of the 
interaction potential is possible by ab-initio methods; 
however, the relation between the interaction po-
tential and the resulting transport coefficient is not 
a straightforward one. There are multiple methods 
to calculate transport coefficient from a known 
potential-energy curve. The velocity autocorrelation 
function (VACF) can be used effectively to evaluate 
the transport properties upon a molecular dynamics 
(MD) simulation (Hoheisel and Vogelsang, 1988). 
However, this approach is effective only in liquids 
and solids; its convergence in gases is slow. A more 
effective way is employing the scattering theory (SC) 
which relies on the evaluation of collision integrals 
and subsequent solution of the Boltzmann equation. 
Here, the crucial part is the evaluation of the collision 
integral using various methods. In case of structure-
less particles (atoms), the method of Viehland and 
Chang (Viehland and Chang, 2010), based on the 
numerical integration of the analytical expression 
for the scattering angle, can be accurately applied. 

This method is unusable in case of structured par-
ticles because the analytical expression for the scat-
tering angle is generally not determined. Therefore, 
a method based on the numerical integration of 
motion is a much more viable option (Mesleh et al., 
1996) considering structured particles.
The main aim of this work is the proposition, im-
plementation and verification of a method based 
on the scattering theory and molecular dynamics. 
Verification was performed for a system of a lead 
atom diffused in an RG carrier gas. The diffusion 
coefficient was calculated and compared to experi-
mental values and those obtained by other theoreti-
cal methods at various temperatures.

Methods

Theoretical background
The presented method is designed to calculate 
the diffusion coefficient in gases. In this case, the 
Chapman-Enskog theory provided the relation 
between the diffusion coefficient and the collision 
cross section (Mason and McDaniel, 1988):
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where T is the temperature, p is the pressure, k is 
the Boltzmann constant, mr is the reduced mass of 
the interacting particles and 12(T) is the averaged 
collision cross section for the collision of a ion and 
a gas molecule.
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According to Eq. (1), the crucial part of the calcula-
tion is the evaluation of the collision cross section 
which is calculated by averaging the scattering 
angle of the initial conditions related to the desired 
temperature T. In case of atom Pb and an RG atom, 
the integral has the form:
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where b is the impact parameter, vr is the relative 
velocity and  is the scattering angle.
Obtaining the analytic expression of the scattering 
angle dependence on the initial conditions (rela-
tive velocity, impact parameter) is a nontrivial task 
fully accomplished only for the simplest cases. 
Even then, the evaluation of the multiple integral 
in Eq. (2) is a nontrivial problem that can be solved 
by the Monte-Carlo method. Initial conditions are 
generated with respect to the desired temperature 
and distribution function. However, the maximum 
impact parameter has to be limited to some finite 
value, which can result in some uncertainty in 
the calculation proportionally to the strength of 
the neglected interaction beyond the maximum 
value of the impact parameter. Therefore, such 
an uncertainty is negligible for large values of the 
maximum impact parameter. Then, the trajectory 
of each initial condition is calculated by numerical 
integration of the Newton’s equation of motion 
with respect to the interaction potential. The ob-

tained velocities of the interacting particles were 
used to calculate the value of the scattering angle. 
The Monte Carlo integration is finished by averag-
ing the scattering angle applying the integral in 
Eq. (2).

Computational details
A scheme of the calculation is presented in Fig. 1. 
The interaction potential (using a cubic C1 con-
tinuous b-spline interpolation) was based on the 
extrapolated X2C/CCSD(T) Pb...RG potential 
curves presented by Sladek et al. (2014). The cubic 
C1 continuous b-spline interpolation ensures a con-
tinuous first derivative of the potential curve in the 
molecular dynamic calculation (Berendsen, 2007). 
Generation of the initial condition and numeri-
cal integration of motion were performed in the 
computational code ANT 13 (Li, 2013). The initial 
condition was generated with respect to the desired 
temperature (1100–1300 K) and maximum impact 
parameter, which was determined by the potential 
cutoff. The exact value is showed in Tab. 1 and it 
depends on the quality and properties of the source 
potential. A set of 1 250 000 initial conditions was 
created. The trajectory calculation was carried out 
at constant energy using the velocity Verlet integra-
tor. Time-step of the numerical integration was 
0.5 fs.
The output of ANT 13 is the final positions and mo-
mentums after the collision. A further evaluation 
of these quantities had to be done using a custom 
code written in Python 2.7 to obtain the scattering 
angle and the collision cross section.

Fig. 1. Calculation scheme; detailed description of the parameters and procedures 
is provided in Computational details.

(2)
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Tab. 1. Potential cutoff (rcut) for the studied sys-
tems determined by the maximal value of 
the calculated X2C/CCSD(T) interaction 
potential (Sladek et al., 2014).

system rcut/Å

Pb..Ar 20

Pb..Ne 17

Pb..He 20

Results

The herein considered parameter is the pressure-
independent cross-diffusion coefficient pD of the 
mutual diffusion of the Pb atom in RG as it allows 
an easy comparison of a wide range of experimen-
tal and theoretical results. The experimental and 
theoretical results were compared for temperatures: 
1100 K, 1150 K, 1200 K, 1250 K, 1300 K.
Experimental data were taken from the work of 
Arefiev et al. (1974) and theoretical data originate 
from Sladek et al. (2014). Sladek et al. calculated 
the diffusion coefficient using tree independent 
approaches. Results of two of them were compared 
to those obtained in our work.
The first theoretical reference approachis based on 
the evaluation of the diffusion coefficient by means 
of the scattering theory as is implemented in the 
VARY and PC codes (Viehland and Chang, 2010; 
Viehland et al., 1995). This method is considered to 
be the most accurate one.
The second theoretical reference approach 
employs molecular dynamics simulation of the 
studied species. Time evolution of the Pb velocity 
is used to obtain the velocity autocorrelation func-
tion (VACF) of the Pb atom in an RG gas and the 
integral of VACF is proportional to the diffusion 
coefficient.
The presented method of the diffusion coefficient 
evaluation is a combination of these two methods. 
Calculation of the diffusion coefficient by the 
equation (1) is the simplest possible version of 
the scattering theory calculation and the collision 
cross section calculation is based on the molecu-
lar dynamic calculation of the colliding pairs of 
atoms.

Tab. 2. Computational cost of molecular dynamics 
calculation and of the presented method at 
the temperature 1100 K.

system
MD calculation 

hours

Presented method 

hours

Pb..Ar 4389:30 01:50

Pb..Ne 4213:25 01:12

Pb..He 4213:00 00:42

Pb..Ar
Results for Pb..Ar are shown in Fig. 2 and they are in 
excellent agreement with the calculation of the dif-
fusion coefficient by the VARY and PC codes which 
is to be taken as the theoretical limit. The molecular 
dynamics results (obtained by the integration of 
VACF) are also in agreement with the experiment 
but their error margins are bigger.

Pb..Ne
A comparison of the predicted diffusion coefficient 
is provided in Fig. 3. The agreement between the 
presented results and the results obtained using the 
VARY and PC codes is similar as in the previous sys-
tem. However, molecular dynamics results severely 
underestimate the diffusion coefficient and their 
uncertainty is higher than the uncertainty observed 
for other theoretical methods.

Pb..He
Fig. 4 presents the results obtained for the Pb..He 
system. The agreement between the presented re-
sults and those of the VARY and PC codes is within 
the error margins of the presented method for 
every temperature studied. Both mentioned results 
are also in agreement with the experimental ones 
(considering the experimental uncertainty). Mole-
cular dynamics results underestimate the other two 
theoretical results. The value of pD12 obtained by 
molecular dynamics simulations is underestimated 
by about 15 %. Moreover, the molecular dynamics 
results failed to reliably reproduce the expected 
trend of the dependence and the experimental 
results.
The results of the proposed method are in agree-
ment with the more accurate scattering method 
implemented in the PC and VARY codes for the 
whole range of carrier gases and temperatures. 
On the contrary, deviations between the molecular 
dynamics method and the other two theoretical ap-
proaches increase with the decreasing mass of the 
RG atom.
An analysis of the computational cost showed that 
the proposed calculation is faster than the molecu-
lar dynamics simulation (which takes several days), 
see Table 2. The main problem of the molecular 
dynamics simulation in gases is the slow conver-
gence of VACF due to the rare collisions and weak 
inter action between the studied atoms, therefore 
the calculation time is long and even then the un-
certainty of the results is high. However, the pro-
posed method is slower than the evaluation of the 
collision integral by the VARY and PC codes (mi-
nutes on a personal computer). This disadvantage 
is compensated by the calculation not being limited 
to a certain type of numerically integrable inter-
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Fig. 2. Temperature dependence of pD12 for 
Pb diffusion in Ar in the temperature range of 
1100–1300 K calculated by different approaches 

and compared to experimental results. The 
experimental (Arefiev et al., 1974) values for 

Pb in Ar are depicted with a 16 % relative error 
bar. The extrapolated dU[DT]Z X2C/CCSD(T) 

curves (Sladek et al., 2014) for Pb..Ar were used to 
calculate of pD12.

Fig. 3. Temperature dependence of pD12 for Pb 
diffusion in Ne in the temperature range of 

1100–1300 K. The extrapolated dU[DT]Z X2C/
CCSD(T) curves (Sladek et al., 2014) for Pb..Ne 

were used to calculate pD12.

Fig. 4. Temperature dependence of pD12 for Pb 
diffusion in He in the temperature range of 

1100–1300 K. The experimental (Arefiev et al., 
1974) values for Pb diffusion in He are depicted 
with a 15 % relative error bar. The extrapolated 
dU[TQ]Z curves (Sladek et al., 2014) for Pb..He 

were used to calculate pD12.

action potentials. In principle, any force field para-
metrization for a given structure of interacting 
particles (molecules) can be used.

Conclusion

Results of the presented method were compared to 
those of two other calculation methods and to those 
obtained experimentally. This comparison has con-
firmed that the presented approach provides reliable 
results of the diffusion coefficient in the gas phase. 
The difference between the presented method and 

the more accurate scattering theory implemented in 
the VARY and PC codes is within the error margins 
for every considered calculation (temperature) and/
or system. The computational cost is higher but the 
presented method is not limited to the interaction 
potential of atomic species as is the case of the scatter-
ing theory implemented in the VARY and PC codes. 
The presented method is much more accurate than 
the simple molecular dynamics calculation approach 
and the computation cost is much more in favor of 
the presented method.
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